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Abstract 

In this paper we discuss on the vector valued version of Caristi's the- 
orem. We show that the regularity of the cone is an essential condition 
to reach the vector valued version of Caristi's theorem in vector valued 
metric spaces. It is shown that how the absence of the regularity causes 
some previous Caristi type theorems and results fail to be correct. Our 
main result give a vector valued version of Caristi's theorem for correspon- 
dences with weakened hypotheses in comparison with previous results and 
generalize them. 



1 Introduction and Preliminaries 

Caristi's fixed point theorem states that if X is a complete metric space and tp 
is a lower semi-continuous map (briefly, lsc) from X into the nonnegative real 
numbers, then any map T : X — > X satisfying 

d[x,Tx) < ip(x) — (p(Tx), (x e X) 

has a fixed point. 

Several works published to obtain vector version of Caristi's theorem. Specif- 
ically, we focus on the the following theorems from [5], [3] and [I]. 

Theorem 1 [51 Lemma 3.3] Let X be a complete vector valued metric space 
(n-metric space) over a regular, minihedral cone with a nonempty interior in a 
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separable space £. Let ip : X — > £ _|_ be a Isc map. Then any map T : X — > X 
such that 

d(x, T(x)) * <p(x) - <p(T(x)), (x e X) (1) 

has a fixed point. 

Theorem 2 [3j Theorem 2.4] Let X be a complete vector valued metric space 
(cone metric space) over a normal and order complete (strongly minihedral) 
cone £+ with nonempty interior. Let ip : X — > £ + be an Isc map. Then any map 
T satisfying (QP has a fixed point. 

Theorem 3 [H Theorem 2] Let X be a complete vector valued metric space over 
an order complete and order continuous Banach lattice £ , and let ip : X — > £ + 
be an Isc map. Then any map T satisfying (Qp has a fixed point. 

In this paper we aim to reformulate Caristi's fixed point theorem for cor- 
respondences in vector valued metric spaces and obtain a generalization of all 
theorems above. The outline of this paper is as follows. TheoremUis a multival- 
ued version of Theorem [3] with some weakened hypotheses (order continuity and 
order completeness are replaced with regularity) . Theorem 2] also generalizes 
Theorem [1] (having nonempty interior for the cone and being separability of the 
space are dropped). Example [T] is a counterexample of Theorem [2j In fact, this 
example shows that the regularity of the cone is an essential assumption and 
may not be ignored in Theorem [2] and dropped in Theorem |4l From this point 
of view, Theorem |4] would generalize Theorem [2] if the regularity of the cone 
were one of the assumptions. Example [2] shows that the supremum property is 
not necessarily valid in vector valued metric spaces. The supremum property is 
an invalid property used in the proof of both Theorem Q] and Theorem [5] as well 
as [TJ Lemma 1, (i) ] and (H Lemma 9, (i)]. Yet, the statement of Theorem [1] 
remains true and Theorem 0] will be a generalization of it. Finally, Example [3] 
contradicts [TJ Lemma 1, (i) ] and [H Lemma 9, (i)]. 

We start with some preliminaries which will be needed in this paper. 

Let (£, ^, || • ||) be an ordered Banach space (for short £) with cone £ + = 
{c G £ : c >z &}, where 9 is the null vector. 

A lattice norm \\ ■ \\ has the property that for a,b € £ that |a| ^ |6| we have 
|| a ll < \\b\\- A Riesz space equipped with a lattice norm is called a normed Riesz 
space. A complete normed Riesz space is called a Banach lattice. A lattice norm 
|| ■ || on a Riesz space is order continuous if info, a a = implies inf a ||a Q || = 0, 
for every decreasing net {a a }. A set B C £ is called bounded if there exists 
z e £ such that for all b e B, b ^ z. A Riesz space is called order complete, 
if every nonempty subset that is bounded from above (below) has a supremum 
(infcmum) . A cone is called regular if every nondecreasing (decreasing) sequence 
which is bounded from above (below) is convergent in norm. A cone is called 
normal \i 6 < a <b implies ||a|| < M||b||, for some M > 1. 

Definition 1 [4] Let A be a nonempty set and £ be an ordered Banach space 
with order ^. If a map d : X x X — > £ satisfies the following conditions: 
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(1) 9 -< d(x, y) for all x, y E A and d(x, y) = 6 if and only if x = y, 

(2) d(x, y) = d(y, x) for all x,y E X, 

(3) d(x, y) ^ d(x, z) + d(y, z) for all x,y,z E X, 

then (X, d) is called a vector valued metric space (vvms for short) over £ . 

Let (X, d) be a vvms. A net {x a } of X is called convergent to x E X, 
denoted by x a — > x, if ||d(x Q ,x)|| — > 0. A net {i tt } of A is called Cauchy net, if 
||d(a; a ,a;/3)|| — > 0. If every Cauchy net of X is convergent to a point of A, then 
X is called a complete vvms. A map <p : X — >• £ is called lower semi-continuous 
(lsc) if for each net {x a } of A such that i„-)iwe have ip(x) ^ liminf Q (p(x a ). 

2 Vector Version of Caristi's Theorem 

Hereafter it is supposed that £ + is a closed regular cone of a Banach space £ 
(the interior of £+ is not necessary to be nonempty), unless othewise stated. A 
correspondence / : A ^> A maps x E X to & nonempty subset of A. A point 
a E X is called fixed point of / if a G /(a). 

Theorem 4 Let (A, d) be a complete vvms over £ + . Let ip : X — > £ + be a lsc 
map. Then every correspondence f : X -» X such that for each x E X there 
exists y E f(x) satisfying 

d(x,y) r< p(ar) - <p(y), 

has a fixed point. 

Proof . By assumption, for each x E X the set {y E f(x) : d(x, y) < ip{x) — ip{y)} 
is nonempty. By the axiom of choice, there is a single valued map T : X — > A 
such that d(x 1 T{x)) < ip(x) — <p(T(x)), for each x E X . Define an order < v on 
A by 

x < v y d(x, y) < <p(y) - <p(x), 

for any x,y E X. We shall show that (A, < v ) has a minimal element and T fixes 
the minimal element. Let C be a chain in A. The chain C can be considered 
as a directed set induced by the reverse of < v and therefore it may be regarded 
as a decreasing net C = {x a } a = Xae c- For a < v (3 we have 

r< d{x a ,x fj ) ■< Lp{x fj ) - tp(x a ). (2) 

This implies that the net {ip(x a )} ae c is a decreasing net and bounded from 
below in £ + . Let {ip(x an )} be a sequence (subnet) of {(p(x a )} a ^c- From the 
regularity of the cone, {<fi(x an )} is convergent in norm and therefore it is Cauchy 
in norm too. We claim that {f(x a )} ae c is Cauchy. To see this, let e > be 
given. There exists a no such that for all a n , a m < v a„ , 
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Let a,/3 < v a 7lQ . Since {(p(x a )} is decreasing, ip(x a ) ^ <Pi x a no )- Also, {ip(x an )} 
is a subnet of {(p(x a )}, therefore there is a term <p(x am ) in the sequence {<p(x an )} 
with a m < v a such that <£>(:Ka m ) di ^(Xa). Thus y(a; Qm ) ^ f{x a ) < f{ x a no )- 
This implies that 

< <p(x a ) - <p{x am ) ■< <p(x ano ) - <p(x am ), 

and since every closed regular cone is normal (see e.g., [5]; without loss of 
generality let the normal constant M = 1), we get 

< - y(x 0m )|| < \\(p(x ano ) - <p(x am )\\. 

In particular, we have ||<^(x a ) — ^p{x am )\\ < e/3. With a similar argument, there 
is a„ with a nQ >r v a„ such that — v(a?a„)|| < e /3- Thus 

\\(p(x a ) - ip(xp)\\ < \\lfi(x a ) - ip(x am )\\ + \\ip(Xfj m ) - (fi(x an )\\ 
+ Wfi^aJ ~ <P(xp)\\, 

< e/3 + e/3 + e/3, 

< e. 

From ((5J) we have ||d(i a , a^)|| < ||<p(x Q ) — (^(x^)!! and therefore ||d(x a , xp)\\ < 
e. Thus, {x a } is Cauchy and since (X,d) is complete, {x a } is convergent. 
Let lim Q x a = z. Now, we show that z is a lower bound for (C,^ v ). Let 
x/3 e (C, be fixed. For x a £ C, we have 

d(x a ,Xp) < d(x a ,z) + d(z 7 xp), 

and 

d(z, xp) ■< d(z, x a ) + d(x a , xp). 

Therefore 

9 -< d(z, x a ) + d(x a , xp) — d(z, xp) ■< 2d(z, x a ), 
and the normality yields 

\\d(z,x a ) +d(x a ,xp) -d(z,xp)\\ < 2||d(z,x a )||. 

Thus 

\\d(x a ,xp) -d(z,xp)\\ < \\d(x a ,xp) -d(z,xp) +d(z,x a )\\ + \\d(z,x a )\\, 

< 3\\d(z,x a )\\. 

This implies that lim Q d(x a , xp) = d(z,xp). For x a < v xp, since tp is lsc, and 
£+ is closed, we have 

ip(z) ^ liminf ip(x a ) = lim(p(x a ) ^ lim(ip(xp) — d(x a ,xp)) ^ f{xp) — d(z, x a ), 

a a a 

that is z -< v xp. Because xp was arbitrary, z is a lower bound for C. Zorn's 
lemma will ensure the existence of a minimal element w for X. Since for each 
ielwe have T(x) -< v x, therefore T(w) = w. □ 
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Corollary 1 Let (A, d) be a complete vvms over £ , and let ip : X — > £ + be a 
Isc map. Then any map T : X — > X such that 

d{x,T[x)) ■< <p(x) - ip(y), 

for any x £ X , has a fixed point. 

The following remark says why the Corollary[T]is a generalization of Theorem 

m 

Remark 1 In every order continuous Banach lattice, the (positive) cone £+ is 
closed and regular. In fact, let {a n } be a decreasing sequence in £ which is 
bounded from below. Since every order continuous Banach lattice £ is order 
complete (see e.g., [5J Corollary 9.24]), {a n } has an infimum, say, a. Since 
inf„(a„ — a) = 0, the order continuity implies taht inf„ \\a n — a\\ = 0. Thus {a n } 
has a subsequence {a Uk } converging to a. Since {a n — a} is decreasing and £ is 
a Banach lattice, we have \\a n — a\\ — > 0. That is the cone £ + is regular. To see 
the closeness of £ + , let {a n } be a sequence in £ + which is convergent to b. Since 
a„ ^ and £ is order complete, infimum {a n } exists. Let inf ra a n = a y 9. 
A similar reasoning shows that {a n } has a convergent subsequence to a and 
therefore to b. 

The following example shows that the regularity of £+ is essential in Theorem 
0] and may not be dropped. Also, this example contradicts the Theorem [21 

Example 1 Consider the Banach space ZooQR) with usual pointwise order in- 
duced by R. Let £+ = {(x n ) £ Zoo(R) '■ x n > for all n £ N} be its cone. 
It is not difficult to see that ?oo(R) is order complete and £+ is normal with 
nonempty interior. Let B be a subset of ?oo(R) consisting of all (x n ) which are 
nondecreasing and converging to 1 with 1/2 < x„ < 1, for all n £ N. Define 
d : B x B -> £+ by 

d((x n ), (y n )) = (\xi -yi\,...,\x n - y n \, ■ ■ ■), 

for every (x n ), (y n ) £ B. It is not hard to check that (B, d) is a complete vvms. 
Now define the map T : B —> B by 

T (( x n)) = (l/2,x 1 ,x 2 ,...), 

for every (x n ) £ B. Let ip : B — > £ + be the inclusion map. It is clear that ip is 
lsc and T satisfies ([T]). Indeed, 

d((x n ),T((x n ))) = (\xi-l/2\,...,\x i+ i-Xi\...), 
= (xi - 1/2, ...,x i+ i -x h ...) 
= tp((x n ))-<p(T((x n ))), 



5 



for every (x n ) € B. Thus all assumptions of Theorem [5] and Theorem 2] are 
fulfilled but T is a fixed point free map on B since the possible fixed point of T 
is (1/2, 1/2, . . .) which does not belong to B. 

The next example shows that the supremum property is not necessarily valid 
in vvms's. It clarifies the existed gap in the proof of Theorem [JJ and Theorem 

m 

Example 2 Consider the Banach lattice E = M 2 with £ + = {(a,b) e R 2 : a,b £ 
[0,+oo)}. The subset A = {(1/n, -l/n) : n E N} of R 2 has supremum (1,0). 
The clement c = (1/3,1/3) is an interior point of S+ but there is no element 
(a, 6) of A such that (a, b) > (2/3,-1/3) = sup A — c. Therefore the Banach 
lattice R 2 does not have supremum property. 

Hence, the statement of Theorem[T]remains true because of Theorem|4]which 
is a generalization of it. Theorem |4] would be a generalization of Theorem [2] if 
in the latter the normality could be replaced with the regularity of the cone. 

The following example contradicts [TJ Lemma 1, (i) ] and |2J Lemma 9, (i)]. 
It shows that order completeness and normality are not sufficient conditions for 
regularity of a cone. 

Example 3 Consider the Banach space (R) and £+ as given in Example [TJ 
Suppose that the sequence {a n } is defined as 

a n = (1,..., 1,0,0, . . .), 

a 

for each n G N. Although {a n } is nondecreasing and bounded from above but 
it is not convergent. 
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